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An attention in this paper is focused on developing computation procedures during design of fl ight 
structures with respects fatigue and fracture mechanics Here are developed analytic expressions for 
the stress intensity factor (SIF) in 3-D solid type structural components for crack growth analyses. 
Damages of structural components are modeled with semi-elliptic surface cracks. Structural compo-
nents are under cyclic loads and load spectra. Results of presented analytic model of FIN are com-
pared with fi nite element results. Good agreement between presented analytic and fi nite element 
results is obtained. Strength analysis with respect static fracture mechanics is illustrated on nose 
landing gear problem of light training aircraft.
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INTRODUCTION

Structural integrity analysis of aging aircraft 
is a critical necessity in view of the increasing 
numbers of such aircraft in general aviation, 
the airlains and the military. Damage tolerance 
analysis can be used to assess the remaining 
life of aircraft in service. In a damage tolerant 
design/analysis initial cracks are considered to 
be present at each of the critical components 
in the structure and these initial cracks are al-
lowed to grow. At each stage in the life of the 
structure the current crack lengths are evaluated 
and the associated stress intensity factors K are 
computed. These values of  K are then used to 
evaluate both the residual strength and the crack 
growth rate associated with each crack. In aero-
space industry the initial cracks tend to be quite 
small. Thus at each stage of the life of structural 
components it is necessary to analyse of a com-
plex two-dimensional (2-D) or three-dimensional 
(3-D) crack under arbitrary loading. Due to the 
singularity along crack front this requires to use 
singular fi nite elements.

Design approach of structural components with  
initial proposed cracks at the potential critical 

area of complex construction is known as dam-
age tolerance approach  [1].  In practical design 
numerical simulations based on fi nite element 
method (FEM) are effi cient method do deter-
mine critical locations at structural components 
with respect the fatigue and fracture mechanics. 
Residual life estimations of damaged structural 
components under cyclic loading  requires deter-
mination of various fracture mechanics param-
eters [2,3,6-9]. Key parameter in fracture me-
chanics analysis is stress intensity parameter K. 

In a damage tolerance design of thin-walled 
structures the initial cracks are proposed through 
the thickness of structural components. Howev-
er in situations of  robust structural components 
and  constructions initial cracks must be defi ned 
as surface cracks. In aircraft constructions, typi-
cal “3-D” solid with initial surface damages are 
structures of  landing gears and wing/fuselage 
joints.

In contrast to the thin-walled construction consid-
erable complex problem represent defi ning SIF 
in the analytic form for 3-D structure. There exist 
a lot of attemption to derive analytic expressions 
of  SIF to semi-elliptic surface crack [10,12,15]. 
In this work one analytic model for determination 
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SIF for “3-D” semi-elliptic surface crack is pro-
posed. For determination of “3-D” semi-elliptic 
surface crack can be used fi nite element method 
(FEM). For that purpose are used special 3-D 
singular fi nite elements.  Singular fi nite elements 
are very accurate method for SIF computation, 
but crack growth analysis is very complex. On 
because of that reason in this work an attention 
is focused to deriving quality analytic expres-
sions for determination of stress intensity factors 
and crack growth models. 

BASIC RELATIONS TO CRACK GROWTH 
ANALYSIS

In the residual life estimation of structural com-
ponents with respects fatigue and fracture me-
chanics can be used various crack growth mod-
els. For this purpose for the fatigue crack growth 
programs  are the incorporation of the ability to 
read aircraft spectra of unlimited size, generation 
of common aircraft fatigue load blocks and the 
incorporation of crack-growth models which in-
clude load-interaction effects such as retardation 
due to overloads and acceleration due to under-
loads. In this investigation Forman and Mettu [4] 
crack-growth model is used. This crack-growth 
model is incorporated im many commercial fa-
tigue life softwate codes. This crack growth mod-
el is defi ned in the next form:
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(1)

and  Kc  is the critical stress intensity factor. This 
equation provides a direct formulation of the 
stress-ratio effect. Newman is defi ned the crack 
opening function in form:

where N is the number of applied fatique cycles
a - crack lenght
R (= ) - is the stress ratio

- is the stress intensity factor

(SIF) range
C, n, p, q  - are empirically determined constants 
under cyclic loads, 

f - is the crack opening function
- is the threshold stress intensity factor

where previous coeffi cient are defi ned as:

(6)

(5)

(4)

(2)

(3)

DETERMINATION OF STRESS INTENSITY 
FACTORS FOR SEMI-ELLIPTIC SURFACE 
CRACKS

For crack growth analysis, in accordance of eq. 
(1), it is necessary to be known stress intensity 
factor (SIF), K, in the analytic form. Here is con-
sidered problem threedimensional structural ele-
ments with semi-elliptic surface crack, Fig.1.

For determination of SIF at critical locations, 
points A and B in Fig. 1, here ‘’layered’’ model 
[5,14] is used. 

In these equations   
is plane stress/strain constraint factor and

0 is the ratio of the maximum applied
stress to the fl ow stress.
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Figure 1. part one - Model 3-D solid with surface            
semi-elliptic crack  
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Figure 1. part two - Model 3-D solid with surface     
semi-elliptic crack  

This model divide solid to layers in horizontal and 
vertical planes making two systems in which: lay-
ers in plane x -y represent conventional plates 
with central cracks   and layers in plane  y-z  rep-
resent plates with edge cracks. 

This systems are conjugated across distribution 
of pressure  p*, acting to surfaces of crack of 
each system and causing that these displace-
ments of two systems need to be equal. Using 
pressure distribution to surface of crack, the 
stress intensity factors at the points  A and  B 
may be determined as:

(7)

(8)

(9)

surface at any point x. Without the complete 
theoretical consideration here are given fi nal 
expressions for stress intensity factors for semi-
elliptic surface crack at points A and B in accor-
dance to Fig.1,

Function that is used in previous

relations is general infl uence of function for cen-
tral crack, gck, or edge crack, gip . The infl uence 
function is defi ned as:

where K( is the stress intensity factor for
some load distributions which act to crack length

, and v is the displacement of crack

(10)

(11)

where    and   are the crack lengths and thickness   
are defi ned in Fig. 1, until Aij and  Bij represent 
corresponding the infl uence functions. 

NUMERICAL SIMULATIONS

To illustrate numerical simulations to residual life 
estimations and strength analysis with fracture 
mechanics here are numerical examples are in-
cluded.

Example 1: Crack growth analysis
Analytic expressions for SIF’s of semi-elliptic 
crack to surface of  3-D solid, defi ned in previ-
ous consideration and crack growth model, are 
incorporated in software package  “LOM-3”[11]. 

To illustrate numerical simulation of crack growth  
in 3-D solids here is included problem of thick 
plate with surface crack under tension cyclic 
loading. Here is established analytic computa-
tion procedure that is illustrated for crack growth 
analysis of  3-D solid under load spectra. Crack 
growth analysis under load spectra is defi ned in 
Table 1.

Table 1. Load spectra

Ni Smin [MPa] Smax [MPa]
6000 0 500
6000 100 400

Crack growth analysis made to the next material 
and geometric properties of panel with semi-el-
liptic surface crack, as shown in  Fig.1.

Width of crack  a =   .100E-02 [m]
Height of  crack c =   .100E-02 [m]
Thickness       t =   .200E-01 [m]
Width      W =   .200E-01 [m]
Parisso’s coef.  Cp =   .300E-10 
Paris exsponent  np =   .250E+01 
Fracture toughness  Kic =   .500E+02 

Table 2. Širenje 3-D prskotine

a [m] N (F15A) N

(F15B)

N (ger-
man)

a [m]

0.001 0.00E+00 0.001 0.00E+00 0.001
0.0013 4.95E+03 0.0013 3.91E+03 0.0013
0.0014 6.00E+03 0.0015 6.00E+03 0.0015
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In Fig. 2  are shown relations between crack 
lengths a and number of cycles N during  crack 
propagation. Curve denoted as Anal-A and Anal-
B represent crack growth of points A and B of 
semi-elliptic surface cracks using analtic expres-
sions (10) and (11) for SIF with one side and 
crack growth model  (1) with other side. Curve 
denoted as MKE-B represents crack growth of 
point  B where SIF is defi ned using approxima-
tions of FEM.  In table 2 are given the complete 
crack growth resultats. The complete procedure 
for determination of SIF based on FE aproxima-
tions is illustrated in reference [8]. This proce-
dure is based on using 3-D singular fi nite ele-
ments to determine SIF for several successive 

0.0015 1.20E+04 0.0017 1.20E+04 0.0017
0.0018 1.51E+04 0.0019 1.42E+04 0.002
0.0021 1.77E+04 0.0022 1.60E+04 0.0023
0.0021 1.80E+04 0.0025 1.75E+04 0.0025
0.0023 2.40E+04 0.0026 1.80E+04 0.0027
0.0026 2.59E+04 0.0029 2.25E+04 0.003
0.0029 2.75E+04 0.003 2.40E+04 0.0031
0.0032 2.89E+04 0.0033 2.51E+04 0.0034

0.0034 3.00E+04 0.0036 2.60E+04 0.0037
0.0037 3.42E+04 0.0038 2.69E+04 0.004
0.0038 3.60E+04 0.0041 2.77E+04 0.0042
0.0041 3.70E+04 0.0044 2.84E+04 0.0045
0.0044 3.79E+04 0.0047 2.90E+04 0.0048
0.0047 3.88E+04 0.005 2.96E+04 0.0051
0.0049 3.96E+04 0.0051 3.00E+04 0.0054
0.0052 4.03E+04 0.0054 3.19E+04

Figure 2. Results of the crack gowth analysis under load spectra

crack lengths and for these are established 
analytic expression in polynomial form for stress 
intensity factor (SIF) and then is used in crack 
growth analysis.   

This method for determination of SIF’s using 
special 3-D singular fi nite elements is usefull and 
reliable method but very complicated tool. Good 
agreement of crack growth results between ana-
lytic and proposed fi nite element approximations 
(MKE-B) at point B is obtained. It means that 
proposed analytic approach for  detrrmination of 
SIF during crack growth is very accurate and ef-
fi cient method. It is important that this analytic 
approach can be used instead of very complex 
fi nite element approximations to crack growth 
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modeling at the 3-D cracked structural compo-
nents.

Example 2: Numerical simulations to prob-
lems with surface cracks  
Analytic expressions of SIF’s for semi-elliptic  
surface crack at 3-D solids, defi ned in previous 
chapters, and different crack growth models are 
included in software package “LOM-3”[11]. Char-
acteristic problem to application with respects fa-
tigue and fracture mechanics of surface cracked 
problems is aircraft nose landing gear, Fig. 3. It 
means that numerical simulations can be used 
to determine SIF’s using singular fi nite elements 
for different shapes of surface damages such as 
aircraft nose landing gear, Fig. 3, with one side 
and for crack growth analysis of surface cracks 
with other side.

Design condition with respects to „static“ frac-
ture mechanics is that SIF be lower than criti-
cal stress intensity factor or that reserve factor of 
safety  (R.F) be larger than 1:    

(12)

where: KIC is the  fracture toughness  of material, 
KI is the stress intensity factor, and j represents 
load level coeffi cient.

Figure 3.  Structural model  to nose landing gear of 
light training aircraft

Figure 4. Finite element model of light aircraft nose 
landing gear

In  Fig. 4  are shown results of stress distribu-
tions to aircraft nose landing gear using fi nite 
element software MSC/NASTRAN for one load 
case. Using FEM here is defi ned critical location 
with respects fatigue and fracture mechanics 
analysis, i.e zone of maximal stresses to static 
part of nose landing gear, Fig. 4.

Determination of  SIF using FEM to static 
part of nose landing gear 

For „static“ strength fracture mechanics analysis 
precise deterination of stress intensity factors is 
necessary. After determination of critical location 
to structural element using FEM with respects 
fracture mechanics to static part of nose land-
ing gear, Fig. 4, it is necessary to propose initial 
surface crack in this location. Critical location to 
static part  nose landing gear (steel tube), Fig 
5.a. For determination of the stress intensity fac-
tors here two FE models are used: 3-D model 
FEM (Fig. 6)  tube with semi-elliptic crack as 
shown in  Fig. 5.b.

Figure 5.a. Geometry of static part under tension 
load (σ=10 daN/mm2)

Material: Če 1.7734.4

KIC=190 daN/mm3/2
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Figure 5.b. shape of semi-elliptic surface crack  
Figure 6. 3-D FEM model of static part to landing 

gear with semi-elliptic surface crack  

In fi gures 7  and 8  are given detail stress distri-
butions near semi-elliptic surface crack. 

Next to modeling static part using FEM  with 
semi-elliptic surface crack, Fig. 6 to 8, carried 
out modeling with  2-D fi nite elements too, where 

Figure 7. Detail of stress distributions around surface crack to static part of nose landing gear

Figure 8. Detail of the stress distributions to zone 
semi-elliptic surface crack to static part of nose land-

ing gear  (a/c=0.4)

Figure 9.  2-D FEM model to  static part with crack 
throught the thickness

crack is defi ned through the thickness of wall, as 
shown in Fig. 9.
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Shape of crack KIA (daN/mm3/2) KIB (daN/mm3/2)
c=2.75 mm elliptic

a=2.25 mm
21.28 28.56

through the thickness 30.57

c=7 mm eliptična
a=2.25 mm

40.25 34.5

through the thickness 56.8

Table 3. Values of SIF for cracks at static part of landing gear

In Table 3 are given the complete results for 
SIF’s to surface crack, with one side,  and for 
crack through the thickness, with other side. As 
expected, here are obtained larger values of 
stress intensity factors for through the thickness 
then in case of semi-elliptic surface crack. 

Obtained results for SIF’s, Table 3,  illustrates 
that the last model is conservative and can be 
used, due its simplicity for modeling, in prelimi-
nary design [14].  First model, with surface semi-
elliptical crack is real model and can be used in 
precise analyses to structural components with 
respects fracture mechanics.

CONCLUSIONS

In this investigation analytic method for determi-
nation of the stress intensity factors to surface 
cracks at the 3-D solid structural elements is es-
tablished. Derived analytic expressions for stress 
intensity factors can be used for strength analyz-
es with respects fracture mechanics to: aircraft 
structural elements, fuel tanks under pressures, 
in ship design and many other structures. Pri-
mary attention of this paper is to establish ana-
lytic expressions of SIF’s for surface crack which 
can be effective used in crack growth propaga-
tions and residual life estimations.. Accuracy of 
derived analytic expressions for SIF’s are com-
pared with fi nite element approximations. Good 
agreement analytic with fi nite element results is 
obtained in domains „static“ fracture mechanics 
and crack growth analyses. 

Practical in this investigation the effi cient and ac-
curate analytic computation procedure for crack 
growth analysis with initial surface cracks of ro-
bust structural components and constructions 
is proposed. This procedure achieves effi cient 
approach of residual life estimation of damaged 
3-D structural components under cyclic loading 

under cyclic loading and general load spectra. 
The complete computation procedure for crack 
growth analysis is illustrated to aircraft nose land-
ing gears. Procedure is based on using fi nite ele-
ment method to determine critical locations with 
respects to fatigue and fracture mechanics with 
one side and to use analytic expressions for de-
termination of SIF’s and residual life of structural 
components with other side. 
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